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ABSTRACT
The microlensing effective timescale teff = βtE is used frequently in high-
magnification (β ≪ 1) microlensing events, because it is better constrained than
either the impact parameter β or the Einstein timescale tE separately. It also fa-
cilitates intuitive understanding of lightcurves prior to determination of a model.
Similar considerations may apply to very low magnification events. I therefore
provide a generalization of this quantity to all events:
teff = βtE
√
(1 + β2/2)(1 + β2/4).
Subject headings: gravitational lensing: micro
The standard point-lens/point-source microlensing magnification curve (Einstein 1936;
Paczyn´ski 1986)
A[u(t)] =
u2 + 2
u
√
u2 + 4
; u[τ(t)] =
√
τ 2 + β2; τ(t) =
t− t0
tE
(1)
is frequently rewritten in terms of the effective timescale teff ,
u(t) = β
√
1 +
(t− t0)2
t2
eff
, teff ≡ βtE, (2)
where t0 is the time of peak, β is the impact parameter (normalized to the Einstein radius),
and tE is the Einstein crossing time. This is because, particularly for high-magnification
events (β ≪ 1), teff is often well determined from the peak of the lightcurve alone, while β
and tE are either highly correlated (e.g., Yee et al. 2012) or almost unconstrained as separate
parameters (Gould 1996). This parameterization remains useful in planetary microlensing
events because the structure of the peak is often similar to that of point-lens events.
To date, there has been relatively little work on microlensing events at the opposite
extreme, β & 1, in part because they are less sensitive to planets (Gould & Loeb 1992;
– 2 –
Griest & Safizadeh 1998). However, the discovery of a huge population of planets that are
either free-floating or at least relatively far from their hosts (Sumi et al. 2011) implies that
the search for putative hosts (necessarily at high β) will become more important in the
future. Indeed, there is already a planet (MOA-bin-1) detected in an event with β ∼ 1.6
(Bennett et al. 2012). Many more can be expected in the future as “second generation” mi-
crolensing surveys continuously monitor all events, not just those most immediately sensitive
to planets.
I therefore propose a generalization of the effective timescale that is appropriate for all
impact parameters:
teff =
(
−d
2 lnA
dt2
∣∣∣
t=t0
)
−1/2
= βtE
√
(1 + β2/2)(1 + β2/4). (3)
In words, teff is the inverse square root of the second logarithmic derivative of the magnifi-
cation with respect to time. Note that this definition reduces to the standard formula for
β ≪ 1 (Eq. (2)).
If teff is a fitting variable in, e.g., a Markov Chain, then it is essential to be able to invert
this formula in order to derive β, which is used in the actual lightcurve calculations, and is
in general a signed quantity (Gould 2004). I find
β =
√
2(y − 1) teff|teff | , (4)
where
y =
√
4
3
cosh
φ
3
; φ = cosh−1 x (x > 1), (5)
y =
√
4
3
cos
φ
3
; φ = cos−1 x (x < 1), (6)
and
x ≡
√
27
4
(teff
tE
)2
. (7)
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